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1. Introduction

The Banach contraction principle [4] was introduced by Banach in his the-
sis in 1922. It is a very popular tool for solving the existing problems in many
branches of mathematical analysis. Due to it’s applications in mathematics, the
Banach contraction principle has been generalized in various settings. In partic-
ular, Chatterjea [6] introduced the concept of C-contraction. In 1997, Alber and
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Guerre-Delabriere [1] has given a remarkable generalization of Banach contraction
by introducing the notion of weakly ¢-contraction in the context of Hilbert spaces.
Choudhury [12] generalized both the mentioned concepts as weakly C-contractive
mapping and proved some fixed point results, these results were extended by Har-
jani et al. [15] to partially ordered metric spaces. Bhaskar and Lakshmikantham
[5] introduced the notion of the mixed monotone property and the coupled fixed
point of a mapping F' : X x X — X in partially ordered metric spaces. Since then
many authors established coupled fixed point results in various abstract spaces (see
in [3, 13, 14, 23, 27]). Lakshmikantham and Ciri¢ [18] introduced the concept of
a mixed g-monotone mapping and proved coupled coincidence and coupled com-
mon fixed point theorems for nonlinear contractive mappings in partially ordered
metric space, which generalize the main results of Bhaskar and Lakshmikantham
[5]. After that many authors generalized the above concept in partially ordered
metric spaces (see in [2, 25, 30]). Shatanawi [28] generalized the results of Harjani
et al. [15] and Bhaskar and Lakshmikantham [5]. In 2012, Eshaghi Gordji et al.
[13] introduced the concept of a mixed weakly monotone pair of mappings and
proved some coupled common fixed point theorems, which generalize the results
of Bhaskar and Lashmikantham [5] and Kadelburg et al. [16]. One of the useful
generalization of metric spaces is modular metric spaces, which was primarily ini-
tiated by Nakano [24]. In 2008, Chistyakov [8] introduced the notion of modular
metric spaces generated by F-modular (also see in [9, 10]) and using the properties
of modular spaces, developed the theory of this space for arbitrary non-empty set
in [11]. Author explained that metric modular is a generalized form of metric func-
tion. A metric on a set represents non-negative finite distances between any two
points of a set; a modular on a set attributes a nonnegative (possible, infinite val-
ued) “fields of velocities”: to each ‘time A > 0, here the distance function d(x,y)
has been replaced by the average velocity wy(z,y) for each A > 0. In modular
metric space, modular convergence, modular limit and modular completeness are
"weaker” than the corresponding metric spaces, these characteristics of this space
enhance the applicabilities of abstract spaces in many more research areas. In
recent years, in many cases, specially in applications to operators, approximation
fixed point results and modular type conditions are much more natural because
modular type assumptions can be more easily verified than their metric or norm
counterparts. In this sequel many mathematicians have done remarkable work on
modular metric spaces (see in [20, 21, 22, 24, 26]).

In this paper we introduce the notion of weakly C-contraction using altering
distance function in the setting of modular metric space equipped with partially
ordered relation and proved some coupled fixed point results. Our results generalize
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the results of Bhaskar and Lakshmikantham [5], Hajani et al. [15] and Shatanawi
29].

2. Preliminaries
Here, some definitions and results related to our work are discussed.
Chatterjea [6] introduced the concept of C-contraction.

Definition 2.1. [6] A mapping F : X — X, where (X, d) is a metric space is said
to be a C-contraction if there exists k € [0, %) such that, the following inequality
holds:

d(Fz, Fy) < k(d(z, Fiy) + d(y, Fz)),

forall z,y € X.
In 1997, Alber and Guerre-Delabriere [1] introduced the notion of weakly ¢-

contraction in the context of Hilbert spaces.

Definition 2.2. [1] A mapping F : X — X, on a metric space X is called weakly ¢-
contractive, if there exists a continuous non-decreasing function ¢ : [0, 00) — [0, 00)
with ¢(t) = 0 if and only if t =0, such that

forall xz,y € X.
Choudhury [12] defined a new concept of contractive mapping as a generaliza-
tion of both the mentioned concepts called weakly C-contractive mapping.

Definition 2.3. [12] A mapping F : X — X, where (X,d) is a metric space, is
said to be weakly C'-contractive if the following inequality holds:

A(Fr, Fy) < S (d(z, Fy) + d(y, Fx)) — o{d(z, Fy), d(y, F1))

where ¢ : [0,00) x [0,00) = [0,00) is a continuous function such that ¢(z,y) =0
if and only if, x =y = 0.
Following result has been proved in [12].

Theorem 2.4. [12] Let (X,d) be a complete metric space and F be a weakly
C-contractive mapping then F' has a unique fived point x* in X.

Bhaskar and Lakshmikantham [5] introduced the notion of mixed monotone
property and coupled fixed points and proved the results for continuous and non-
continuous mappings in partially ordered metric spaces.

Definition 2.5. [5| Let (X, <) be a partially ordered set and F: X x X — X
be a mapping, then we say that F' has the mixed monotone property if F(z,y) is
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monotone non-decreasing in x and is monotone non-increasing in y that s, for any
r,y€e X
r1,79 € X, 11 219 = F(11,y) 2 F(22,9)

and
Y1,92 € X, 91 2 yp = Fz,y1) = F(x,92)
Definition 2.6. [5] An element (z,y) € X x X is called a coupled fized point of a
mapping F: X x X — X if F(x,y) =x and F(y,z) = y.
The following results were also established in [5].
Theorem 2.7. [5] Let (X, <) be a partially ordered set and F : X x X — X be

a continuous mapping having the mixzed monotone property on X. Assume there
exists k € [0,1) such that

d(F(z,y), F(u,v)) < 5(d(z,u) + d(y,v)) for all z = u, y < v.

If there exists (xo,y0) € X X X such that xo < F(xo,y0) and yo = F(yo,x0), then
F has a coupled fixed point.

The above result is still valid for a mapping F' not necessarily continuous if the
continuity condition is replaced with an alternative condition discussed in the fol-
lowing theorem.

Theorem 2.8. [5] Let (X, <,d) be a partially ordered complete metric space and
F: X xX — X be a mapping having the mized monotone property on X. Assume
that X has the following properties.

(1) If {z,} is a non-decreasing sequence in X which converges to x, then x, < x
for alln € N and

(ii) If {yn} is a non-increasing sequence in X which converges to y, then y, = y

for alln € N.
Suppose that there exists k € [0,1) such that
d(F(z,y), F(u,v)) < g(d(x,u) +d(y,v)) for all x = u, y < v.

If there exists (xqg,yo) € X X X such that xo < F(xo,v0) and yo = F(yo,z0), then
F' has a coupled fixed point.
Nakano [24] introduced the following concept.

Definition 2.9. [24] Let X be a linear space on R. A functional p : X — [0, 0]
1s called a modular on X if the following conditions hold:
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(A1) p(0) =0;

(Ay) If x € X and p(ax) =0 for all numbers o > 0, then x = 0;

(As3) p(—z) = p(x) for all x € X;

(Ay) plax + By) < p(x) + p(y) for all o, >0 witha+ =1 and z,y € X.

Chistyakov in [11], introduced the notion of modular metric spaces such as:

Definition 2.10. [11] Let X be a non empty set. A function w: (0,00) x X x X —
[0,00) is said to be a metric modular on X, if for all z,y,z € X the following
conditions hold:

(1) wa(z,y) =0 for all X\ > 0 if and only if x = y;
(i) wi(z,y) = wr(y, ) for all X >0 ;
(iil) waru(z,y) <wi(z,2) +wu(z,y) for all A, > 0.

If we replace (i) by wx(z,z) = 0 for all A\ > 0,2 € X, then w is said to be a
pseudomodular (metric) on X.

A modular w on X is said to be regular if the following weaker version of (i) is
satisfied:

x =y if and only if wy(z,y) = 0 for some A > 0. Finally, w is said to be convex if
for A\, u > 0 such that 0 < u < A, and for all x,y, 2 € X, following inequality holds:

WA(2,y) < wru(@,7) + wul@,y) = wulz, y).

An important property of the (metric) psedomodular on set X is that the mapping
A = wy(x,y) is non-increasing for all z,y € X.

Definition 2.11. [11] Let w be a psedomodular on X, then for a fized xy € X, the
two sets

Xy = Xo(zg) ={z € X :wy(z,29) = 0 as A — oo},
X=X (zo) ={(z € X:IX=Ax) > 0) such that wy(z,xy) < 0o}

are said to be modular metric spaces (around xq). Also, if w is a modular on X,
then the modular space X, can be equipped with a (nontrivial) metric d,,, generated
by w and given by

dy(z,y) =inf{\ > 0:wy(z,y) <A}, =z,y € X,.
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If w is a convexr modular on X, then the two modular spaces coincide, X, = X,
and this common set can be endowed with a metric d,, given by

d(xz,y) =inf{\ > 0:wy\(z,y) <1}, z,y€ X].

FEven if w is a nonconver modular on X, then df(xz,x) =0 and d,(x,y) = d,(y, ).

Definition 2.12. [11] Let X, be a modular metric space and {x, },en be a sequence
m X,.

(i) The sequence {xp}nen in X, is called modular convergent to an element
x € X, if wy(xy,x) = 0asn — oo for all A > 0, and any such element x
will be called a modular limit of the sequence {x,}.

(ii) The sequence {xp,}nen C Xy s called modular Cauchy sequence (w-Cauchy)
if there exists a number A = A{x,}) > 0 such that wy(xp, z,m) — 0 as
n,m — 00, i.e., for all € > 0, there exists no(e) € N such that, for alln,m >

no(€), wx(Tn, Tm) < €.

(ii) A modular space X, is called modular complete if every modular Cauchy
sequence {x,} in X, is modular convergent in the following sence: if {x,} C
X, and there exists a A = AN{x,}) > 0 such that lim,, p—co WA (T, Tp) = 0,
then there ezists an x € X, such that lim,,_,., wy(x,,x) = 0.

Mongkolkeha et al. [19] introduced the contractive condition in modular metric
spaces.
Definition 2.13. [19] Let w be a metric modular on X and X, be a modular metric
space induced by w and F: X, — X, be an arbitrary mapping. A mapping F is
called contractive if for each x,y € X, and for all A > 0 there exists 0 < k < 1
such that

wx(Fz, Fy) < kwa(z, y). (1)

The following result was also established in [19].
Theorem 2.14. [19] Let w be a metric modular on X and X, be a complete
modular metric space induced by w and F : X, — X, if

wr(Fz, Fy) < k(wa(z, Fz) + war(y, Fy)) (2)

for all x,y € X, and for all X\ > 0, where k € |0, %), then F' has a unique fixed
point in X,,. Moreover, for any x € X,,, iterative sequence {T"x} converges to a
fixed point.
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Zhao et al. [31] proved the result of Mongkolkeha et al. [19] for C-contractive
mapping.

Theorem 2.15. [31] Let w be a metric modular on X, X, be a w-complete modular
metric space induced by w and F: X, — X,. If

wx(Fz, Fy) < k (waa (@, Fy) + war(y, Fz)),

for all x,y € X, and for all A > 0, where k € |0, %), then F has a unique fixed
point i X,,.
Zhao et al. [31] also introduced the notion of weakly C-contraction in modular
metric space.

Definition 2.16. [31] Let w be a metric modular on X, X, be a modular metric
space induced by w and F: X, — X, is said to be a weakly C-contraction in X,
iof for all x,y € X, and for all A > 0, the following inequality holds :

wi(Fz, Fy) < % (war (2, Fy) + war(y, Fzr)) — p(wa(z, Fy), waly, Fr)),  (3)

where ¢: [0,00) X [0,00) — [0,00) is a continuous mapping such that ¢(z,y) = 0
if and only if v =y = 0.
Authors also proved the following theorem.

Theorem 2.17. [31] Let w be a metric modular on X, X, be a w-complete modular
metric space induced by w. Let F': X, — X, be a weakly C-contraction in X, such
that F is continuous and non-decreasing, then F has a unique fixed point.

Khan et al. [17] introduced the concept of altering distance function as follows:

Definition 2.18. [17] The function v : [0,00) — [0,00) is called an altering dis-
tance function, if the following properties are satisfied.

(i) ¢ is continuous and monotonically non-decreasing.

(i1) ¥(t) =0 if and only if t = 0.

Shatanawi [29] proved some fixed point and coupled fixed point theorems in par-
tially ordered metric space for C-contractive mapping F' using altering distance
function and examined the validity of results without the continuity of function F'.

The aim of this paper is to establish some coupled fixed point theorems for
non-linear weakly C-contractive type mapping in partially ordered modular metric
spaces.

3. Main Results
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Here we define the weakly C-contractive mapping using altering distance func-
tion in modular metric space.

Definition 3.1. Let w be a metric modular on X, X, be a modular metric space
induced by w and F: X, x X, = X, is called weakly C-contractive in X, if for
all x,y € X, and for all A > 0, the following inequality holds :

Pwr(F(2,y), F(u, >>><w< (war (@, u) + waa(y, v))) — Plwa(z, u), wa(y,v)). (4)

where ¢: [0,00) x [0,00) — [0,00) is a continuous function such that ¢(t,s) =0 if
and only if t =s = 0.

Remark 3.2. Fvery weakly C-contraction with altering distance function is a C'-
contraction but inverse is not true. The following example justify that if a function
s not weakly C'-contraction, can be converted into weakly C-contraction by using
altering distance function.

Example 3.3. Let X, = R where “ < 7 is a usual ordered relation. Then
(Xw, =) is a partially ordered set with the natural ordering of real numbers. Let

v: (0,00) X X, x X, — [0,00) be defined by wy(x,y) = ‘m U for z,y € X and
)\ > (0. Then (X, wy, =) is a complete partially ordered modular metric space. We
define F': X, x X, — X,, such that

Y i >
Floy)={ 1 042V
0 if e <y

Then F is continuous and has mixed monotone property. Define ¢: [0,00) X
[0,00) — [0,00) such that ¢(z,y) = % and k € (0,3). Now, we observe
that

1
P ()
siwx—uwwy—vn

>

(wor (@, u) + war(y, v)) — dwa(z, w), wr(y,v)).

[\DIH.&

So T is not a weakly C-contractive mapping. Further, we defined v : [0,00) —
0, 00) such that ¢(t) = t* and ¢: [0, 00) x[0, 00) — [0, 00) such that ¢(z,y) = ety

16



Coupled Fized Point Theorems of Weakly C-contraction ... 197

and prove that F'is weakly C-contractive. Without loss of generality, assume that
x > u and y = v. Then, we have

T—Y U—0

Yen(F(,y), Flu, ) = vln( L 1Y)

x—y— (u—wo)

=ty ey

= (T

SENEETESPES

I EETES PR MW ESTESVET o

= 5 ({2, 0) +0r (3, 0)) = Dfen (2, 1), r (3, 0).

Therefore, it is clear that T is a weakly C-contractive mapping with altering dis-
tance function.

Theorem 3.4. Let (X, <) be a partially ordered set and w be a metric modular on
X, such that (X,,,wy) is a complete modular metric space. Let F: X, x X, — X,
be a continuous mapping having the mized monotone property on X,. Assume that
for x,y,u,v € X, with x = v and y < v, we have

¢<WA(F(x7 y)v F(uv U))) < ¢(%(w2x($7 u) + w2>\(y7 U))) - qb(W)\(ZL’, u)? wk(yu U>>’ (5)
where
(i) ¢¥: [0,00) — [0,00) is an altering distance function,

(ii) ¢: [0,00) x [0,00) — [0,00) is a continuous function with ¢(t,s) = 0 if and
only ift = s =0.
If there exists (xo,yo) € X, x X, such that xog =< F(xg,yo) and yo = F(yo, xo),
then F' has a coupled fixed point.

Proof. Let xy,yo € X, such that F(zo,y0) = xo and F(yo, o) = yo, then there
is nothing to prove. Suppose that zo < F(xo,y0) and yo = F(yo, 7o) and let
r1 = F(xo,10) and y1 = F(yo, %), then zy < x1 and yo = yi.

Again let xo = F(x1,11) and yo = F(y1,x1).

We denote

FQ(fE07y0) = F(F(ffoyyo)aF(yoﬂo)) = F($1,y1) = T2
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and
F?(yo, m0) = F(F(yo, o), F (w0, 90)) = F(y1, 1) = ya,
with these notation due to mixed monotone property of F', we have

xo = F*(x0,90) = F(21,41) = F(x0, %) = 71

and

Y2 = F*(yo, x0) = F(y1,21) = F(yo, 10) = y1.
Further forn =1,2,--- we get

Tpy1 = FHH(%’O,Z/O) = F(F"(JUO, yo), Fn(?/o,mo)) = F(ﬂUmyn)

and
Ynt1 = Fn—i—l(y()wr()) = F(Fn<y07‘r0>)Fn(x07y0)) = F(ynaxn)
On continuing this way, we construct two sequences {z, } and {y,} in X, such that

Tonr1 = F(xn,Yn)s Yns1 = F(x,, yn) for all n € N.
Also, we have

To 2wy Xy X - and Yo =y = Yo =
for all n € N. Now,

Yﬂ(OJ)\(ZBn+1,£En+2)) = ( (xnayn))aF($n+l>yn+l))

IN

v
¢(§
¢( (xnv xn-i—l) w,\(yn, yn-l—l))
¢(max(w2>\ (xm xn—i—l) W2 (ym yn—l—l)))

— (WA (Tn, Trg1), WA (Yns Ynt1)- (6)

(wor (T, Tna1) + wWor(Yns Yns1)))

IN

Similarly, we have

@ZJ(WA(ynH, yn+2)) < zﬁ(max(wg,\(l‘n, l‘n+1)7 WQA(yn, yn+1)))
*Qb(wk(yn, ynJrl)v w,\(xn, anrl))' (7)
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Since 1) ia a non-decreasing function, by (6) and (7), we have

Y(max(war (Tn, Tnt1), Wor(Yn, Yn+1))) = max(P(wor(Tn, Tni1), Ywar(Yn, Yn+1)))
< Yp(max(war(Tn, Tnt1)), war(Yn, Yn+1))
- min(gb(w)\ (@ns Tng1)s WA (Yns Ynt1), d)(w)\(ym Unt1), W (xm xn—i—l)))
< Y(max(wr(@n, Tn), WA(Tns Tnt1))s (WA (Yns Yn)s WA (Yns Yn+1))
—min(@(wa(Tn, Tn+1)s WA(Yn, Ynt1)s G(WA(Yns Ynt1), WA(Tn, Tnt1))),
¢(WA(yna yn+1)> w)x(l‘nv $n+1)))-
= T/J(maX(LL))\(xn, $n+1))a W)\(yn, ynJrl))
—min(@(wa(Tns Tn+1)s WA(Yn, Ynt1)s G(WA(Yns Ynt1), WA(Tn, Tnt1)))-

(8)

Since ¢(x,y) > 0 for all x,y € X, and 9 is a non-decreasing function, we conclude
that

(max(wx(Tni1, Tni2), Wr(Yni1, Ynie) 1S a non-decreasing sequence. Thus there is
r > 0 such that

lim,, o0 max(wk(xnﬂ, :En+2), w/\(yn+17 ?Jn+2)) =T

Letting n — oo in (8), we get that

P(r) = ¢(r) = lim min(@(wa(@n, Tni1), Wr(Yns Ynt1)))- (9)

n—o0

Thus, we have

lim,, oo min((wa(@n, Tnt1), WA(Yns Ynt1))) =0

or

lirnnﬁoo min(¢(w)\ (ym yn+1)> %\ (xm anrl))) =0.

In both the cases, we get

lim,, 00 Qb(wA(xm xn—i—l)) = 0 and lim,,_, d)(w)\(ym yn+1)> =0.

Hence r = 0 for each A > 0 and for all n € N. Now, we show that {z,} and
{yn} are Cauchy sequences in X,,. Since, lim,,_, ¢(wr(Zy, Tni1)) = 0. So, for each
A > 0 and for each € > 0 there exists ng € N such that wy(z,, z,41) < €, for each
n € N with n > ny.

Without loss of generality, suppose m,n € N and m > n then ﬁ > (0 and for
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above mentioned € there exists n_» € N such that w_» (2, 7,41) < —= for all

— m—n

n>mn . Now we have

A
m—n

AT, ) < w_a (xn,xnﬂ)+wﬁ(xn+1,:vn+2)+~-+w A (Tp—1, T

m—n m—n

€ € €
< - +oet
m—-—n m—-n m-—-n

=€, (10)

for all m,n > n_» € N. This implies {z, },en is a Cauchy sequence.

Since X, is Cormnpﬁete, therefore there exist x,y € X, such that z, — x and
Yn — y. Since F' is continuous, therefore z,11 = F(zn,y,) — F(z,y) and y,41 =
F(yn, xn) = F(y, ).

By the uniqueness of limit, we conclude that z = F(x,y) and y = F(y,x). Thus
(x,y) is a coupled fixed point of F.

Example 3.5. Let F', ¢ and ¢ be given as in Example 3.3. Here, we observe that
for 1o = —1 and yo = 1 in X, z¢ = F(z0,y0) and yo = F(yo,xo) are satisfied.
These conditions are also satisfied for the values, o = 0 and yo = 0.

So, by Theorem 3.4 we obtain that F' has two coupled fixed points (-1,1) and (0,0).

Example 3.6. Let X, = [0,1] C R and (X, <) be a partially ordered set. Let
wy: (0,00) x X, x X, — [0,00] be defined by wy(z,y) = @ for z,y € X and
A > 0. Then (X,,w,, <) is a complete partially ordered modular metric space. We
define F': X, x X, — X, such that

2
2 >
Flagy)={9 HT2V
0 ifzx<uy.

Obviously, F'is continuous and has mixed monotone property. Define v : [0, 00) —
[0,00) such that ¥(t) = t* and ¢: [0,00) x [0,00) — [0,00) such that ¢(t,s) =
min(t, s). Now, we consider the following cases:

Case I. If z = y = u = v = 0, then clearly F’ satisfies all the conditions of Theorem
(3.4), and o =0 =< F(0,0), yo = 0 = F(0,0).

Case Il. If r =1,y =0,u = 0,v = 0, then

b(wr(F(1,0), F(0,0))) = MW(%’O)):W%):&%'
w(%(WQ)\(l,O)+CU2)\(O,O)))—¢(wA(1,0)7wA(O,O)) — w(%(%))_gb(%’())
_ I
= Y5 = 1w

In this case also all the conditions of Theorem (3.4) satisfy such that xyp = 0 =<
F(0,1), yo=1> F(1,0).
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Case Ill. [f r =1,y =0,u=0,v =1, then

1 1 1

YAF(LO,FO,1)) = $(n(z,0) = b() = =0

1/1(%(&’2)\(170) + w9or(0,1))) — p(wir(1,0),wx(0,1)) = 1/}(%(% 4 %)) _ ¢(§,0)
1 1
= U(53) = oo

So, it is clear that in each case all conditions of Theorem 3.4 satisfy, but, zop = 1 A
F(1,0), yo =0 = F(0,1). Thus, in this case coupled fixed point is not possible.
Hence, (0,0) and (0,1) are two coupled fixed points of weakly C-contractive
mapping F'.
Theorem 3.4 is still valid, if we drop the continuity of F' by replacing it with
the alternative conditions as discussed in following theorem.

Theorem 3.7. Suppose that X,,, F,1, ¢ are as in Theorem 3./ except the continuity
of F. Suppose that for a non-decreasing sequence {x,} in X, with z,, — =, we have
x, =2z for alln € N and for a non-increasing {y,} in X, with y, — y, we have
Yn =y for all n € N. If there exists (zo,y0) € X, X X, such that xo < F(xo, o)
and yo = F(yo, o), then F has a coupled fixed point.

Proof. As similar to the proof of Theorem 3.4, we have {z,}, a non-decreasing
sequence in X, which converges to = € X, and {y,} a non-increasing sequence in
X, which converges to y € X,,. By hypotheses, we have x,, < x for all n € N and
yn = y for all n € N. Therefore,

Yrine, Fe,p) = dn(Fln ). Flzv)
< (5 a0, 2) + aalvn )
( (xm )WA(ymy))' (11)

Letting n — oo, we get ¥ (wa(z, F(z,y))) = 0 and hence x = F(z,y). Similarly we
can show that y = F'(z,y). Thus (x,y) is a coupled fixed point of F'.

Now we shall prove the existence and uniqueness theorem of a coupled fixed
point. If (X, <) is a partially ordered set, we endow the product X, x X, with
the following partial order:

for (z,y), (u,v) € X, X Xy, (,y) 2 (u,v) &z = u,y v,

Theorem 3.8. In addition to the hypothesis of Theorem 3.4, suppose that for
every (x,y), (2,t) in X, x X, there exists (u,v) € X, x X, that is comparable to
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(x,y) and (z,t), then F has a unique coupled fixed point.
Proof. From Theorem 3.4, the set of coupled fixed points of F' is non-empty.
Suppose that (z,y) and (z,t) are two coupled fixed points of F', that is , F(x,y) =
z, Fy,xz) =y, F(z,t) = z and F(t,z) =t. We will prove that
xr=zandy=t.
By assumption, there exists (u,v) € X, x X, such that (F(u,v), F'(v,u)) is com-
parable with (F(z,y), F(y,x)) and (F(z,t), F(t,z)). Put up = uw and vy = v and
choose uy,v; € X, so that u; = F(ug,vg) and vy = F(vg, up). As done in Theorem
3.4, define sequences {u,}, {v,} with
Upt1 = F(uy,v,) and v, = F(vp, uy,) for all n .
Now, set xg = x,y0 = y,20 = 2z and ty = t, in a similar way, define the sequences
{zn},{yn} and {z,},{t,}. Then it is easy to show that
r, — F(x,9),yn = F(y,x) and z, — F(z,t),t, — F(t,z) as n — oo.
Since

(F(z,y), F(y, ) = (z1,91) = (z,y) and (F(u,v), F(v,u)) = (u1,v1)
are comparable, then x > u and y < v, or vice versa. it is easy to show that, (x,y)

and (u,,v,) are comparable for all n > 1, that is = wu,, and y = v,, or vice versa.
Thus from

Pr(@,uni)) = Y(@r(F(2,9)), F(un; vn)) (12)
< 5l n) + ) = (e, ), (9, 00)
Similarly,
Pla(y, vni1)) = P(@r((F(y, z), F(vn, un)) (13)
< ¢(%(W2A((y> Un) + wa(, un))) — G(Wr((Y, vn), wa (2, tn))
Since v ia a non-decreasing function. By (12) and (13), we have

Y(max(wi(z, Unt1), wA(Y, Vpt1))) = max((wa(@, wnt1), Ywr(y, vas1)),)
< t(max(war(z, un)), war(y, vn))
— min(@(wa (T, un), Wr(Y, vn), G(WA(Y; vn); wr (T, un)))
< Y (max(wi(z, ¥) + wa(z, un)), (Wr(y, y) + wr(y, va))
— min(¢(wa(Z, un), WA(Y, vn))), B(WA(Y, Vn), WA(T, Un)))
= Y(max(w (T, un)), wr(y, vn))
—min(¢(wr(z, un), Wr(Y, vn))); P(WA(Y, vn), a2, un)))-
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Since ¢(z,y) > 0 for all z,y € X, and ¢ is a non-decreasing function, we conclude
that ¢ (max(wy(z, unt1),wr(Y, Upy1) is a non-decreasing sequence. Thus there is
a > 0 such that

lim,, s 0o max(wy (2, Un+1), WA (Y, Vnt1)) = .

Letting n — oo in (13), we get

U(r) = ¢(r) = lim min(¢(wa(z, un), wr(Y; ¥n)), G@AY, Yn), wr(z,un))).  (14)

n—o0

lim,, o min(@(wx(x, uy), war(y,v,))),= 0

or

lim,, o0 @(wr (Y, vn), wa(z,uy))) = 0.

In both the cases, we get

lim §(e(z, 1)) = lim 9 (3, ) = 0. (15)

n—oo

Hence o« = 0 for each A > 0 and for all n € N. Similarly, we show that

lim §(ws(2, 1)) = lim $(wr(t, 0,)) = 0. (16)
n—o0 n—oo

From (16), (17) and by the uniqueness of the limit, we have x = z and y = ¢.

Hence (z,y) is the unique coupled fixed point of F.

Remark 3.9. Taking ¢ = I [the identity function] in Theorem 3.4 and Theo-
rem 3.7, we get the following.

Corollary 3.10. Let (X,,=) be a partially ordered set and suppose that there
exists a metric modular wy on X, such that (X,,w,) is a complete modular metric
space. Let F': X, x X, = X, be a weakly C- contractive mapping having mized
monotone property on X,. Assume that for z,y,u,v € X,, © = u and y < v for
all X\ > 0 such that

CL)A(F(LU,Z/), F(u7 'U)) < %(MQA(I, U) + WQ)\(Z/, U)) - (ﬁ((«U)\(LC,’U/),W)\(y,’U)), (17)
where ¢: [0,00) X [0,00) — [0,00) is a continuous mapping such that ¢(x,y) = 0

if and only if x = y. Suppose that there exists (xg,y0) € X, X X, such that
19 X F(x0,y0) and yo = F(yo, o) and either
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(1) F is continuous or
(2) X, has the following property:
(a) if a non-decreasing sequence {x,} — x,then x, < x for alln € N,

b) if a non-increasing sequence {y,} — y,then vy, <y for all n € N.
g seq Yy Yy Y Yy

Then F has a coupled fixed point.

Remark 3.11. Taking ¢(a,b) = (155)(a +b) and using the properties of modular
metric space in corollary 3.10, we get the following result.

Corollary 3.12. Let w be a metric modular on X. Let X, be a w- complete
partially ordered modular metric space induced by w. Let F': X, x X, — X, be a
continuous mapping having the mixed monotone property on X,. Assume that for
all x,y,u,v € X, x = u and y X v such that

wr(F(z,y), F(u,v)) < g (Wa(, u) +waly, v)). (18)

Suppose that there exists (xg,y0) € Xw X X, such that zo < F(xo,y0) and yo =
F(yo, o) and either

(1) F is continuous or
(2) X, has the following property:
(a) if a non-decreasing sequence {x,} — x,then x, < x for alln € N,

(b) if a non-increasing sequence {y,} — y,then y, <y for all n € N.

Then F' has a coupled fixed point.

4. Conclusion

It is concluded that the obtained results improve, generalize and enrich various
recent coupled fixed point theorems in the framework of C-contraction in partially
ordered modular metric spaces. Particularly, Our results generalize the results of
Bhaskar and Lakshmikantham [5], Hajani et al. [15] and Shatanawi [29]. The
theoretical result is accompanied by applied examples.
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